JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. Introduction. Roughly speaking, a derivation of an algebra is the infinitesimal operation corresponding to an automorphism. This notion plays an important part in the study of the structure of Lie algebras and associative algebras, and its structural significance will be understood best by first recalling the connections between derivations and automorphisms in general.
group g = {gt} of G, whose tangent at the identity E of G is T, if we define g= E + t -T + (1/2 !)t2 7iT2 ? exp(t * T). Since the condition that a transformation g e G be an automorphism can be expressed by a finite number of analytic equations in the coefficients of the matrix representing the element g, it is clear that the automorphisms of 9t constitute a Lie-subgroup (i. e. a closed subgroup) H of G.
On the other hand, the derivations of 9t constitute a subalgebra O of 2; for, if D1, D2 are any two derivations of 9I, so is D1 ? D2. We shall show that isi the subalgebra of 2 which corresponds to the subgroup H of G. Let h = (ht) be a one parameter subgroup of H which passes through the identify E for t = .0, and let Le 2 be its tangent at E, i. e. L = lim (ht -E)/t.
t-*o
If xy y are arbitrary elements of 9f, we have ht(x y) = ht(x) ht(y), which is easilv seenl to imply that L(x y) =-L(x) y + x L(y), i. e. that L is a derivation, or Le T. Coniversely, let e) e; the corresponiding one parameter subgroup of. G is given by gt = exp(t . D), and a direct computation shows that gt(x y) -t (x) g g (y), i. e. that gt eH. This proves our assertion. Let 9[ be an associative algebra with a -unity element. If c is any regular element of t, the automorphism a -) c. a. c-1 is called an inner automorphism. Algebraically, the inner automorphisms constitute an invariant subgroup K of the group H of all automorphisms of 9W. Although we cannot say in general that K is also a topological (Lie-) subgroup of II, it is evident that we can define a topology in K such that it becomes a Lie group K* which is locally isomorphic with the group K, regarded as a subspace of H. It follows that there corresponds to K a certain ideal Z of the Lie algebra 5D of H. In fact, the elements of Z are the tangents at E of those one parameter subgroups of H which are contained in K, and if kt is such a subgroup the corresponding element I EZ is given by the equation I -lim (kt -E)/t, so that we have t-*o = t (a)-a + t I1(a) + o (t), for every element a EiW. The group constituted by the regular elements of 9t can be given the structure of a Lie group, and it can be shown that the one parameter subgroups, in a sufficiently small neighborhood of the identity e, are of the form at = exp (tao), where a, is an element of 9W. Furthermore, it is easily seen that we can find an analytic mapping kt -+ at of any given one parameter subgroup of K onto a one parameter subgroup through e of the group of regular elements of W such that kt (a) = at * a * at-' for every a e 9C. For sufficiently small t we have Suppose that I is any given inner derivation, i. e. I (a) = a * a -a a aO; the corresponading one parameter group of automorphisms is given by k't = exp (tI). A straightforward computation shows that kt (a) = at * a * at-', where at = exp (tao), i. e. the automorphisms corresponding to the inner derivations are the inner automorphisms. We have shown, therefore, that 3 is the set of inner derivations of SC.
We have a similar situation in the case of a Lie algebra. Let 2 be any Lie algebra over the field of real numbers and let r be a connected and simply connected Lie group whose Lie algebra is 2. An automorphism of r will induce an automorphism of 2, and conversely. An automorphism of 2 will be called an inner automorphism if it corresponds to an inner automorphism of r. As in the case of an associative algebra, it can be shown that to the invariant subgroup of the group of automorphisms which consists of the inner automorphisms there corresponds an ideal of the Lie algebra of the derivations of 2, whose elements will be called inner derivations. A derivation D of the Lie algebra 2 is an inner derivation if and only if there exists an element lo c 2 such that D (1) 1I 0 10, for every e 2. In the case of a general groundfield this is taken as the definition of an inner derivation.
We shall be concerned with the study of the behavior of Lie algebras and associative algebras with regard to linear mappings of the derivational type which map a given algebra SC, not necessarily into itself, but, more generally, into some algebra T containing 'C as a subalgebra. These "generalized derivations," as we should expect from the above considerations, are found to be significant for the structure of an algebra. In fact, we shall obtain a characterization of semi-simple Lie algebras and semi-simple associative algebras (over a non-modular field) in terms of their generalized derivations. In this respect there is a very close analogy between Lie algebras and associative algebras, which we shall exhibit by treating the two cases side by side.
I have found it necessary to include proofs of a number of known results on representations of semi-simple Lie algebras, some of -which (like the proofs of Whitehead's lemmas) cannot be found in the literature. For these proofs, which served me as a guide in the present investigation, I am indebted to Professor C. Chevalley of Princeton University. THEOREM 2. 5. The necessary and sufficient condition for a Lie algebra 2 over a field of characteristic zero to be semi-simple is that every r epr-esentation of 2 be completely decomp&sable.
We shall pursue the analogy between Lie algebras and associative algebras a little further: another lemma of Whitehead, which is used in the proof of Levi's theorem on the decomposition of a Lie algebra into the direct sum of its maximal solvable ideal and a semi-simple subalgebra, can be stated as follows: THEOREM 2. 6. Let $ be a representation space of a semi-simple Lie algebra 2 over a field of characteristic 0. Suppose we have a bilinectr mapping (x,y) ->f(x,y) of 2 X 2 into $ such that 1) f(x,y) +f(y,x) =0,
2) X f(y,z) +y.f(z,x) +z.f(x,y)=f(yox,z) +f(zoy,x)
+f(xoz,y).
Then there exists a linear mapping x -* e(x) of 2 into $ such, that f(x,y) =x e(y)-y e(x) +e(x?y).
We shall not write out the proof of this theorem. It is very similar to that of Theorem 2. 7 below and requires the same methods we have employed already in the proof of Theorem 2. 1.
There is an interesting analogue of this theorem for associative algebras; it is as follows: If A is an associative algebra contained in another associative algebra T, it is easy to verify that the mapping a -* ba -ab, where b is any fixed element of 0, is a derivation of SC into S. This derivation can trivially be extended to a derivation of e8 into itself. Similarly, if 2 is a Lie algebra contained in another Lie algebra !, we see from Jacobi's identity that the mapping I 1-Io 7e, where k is any fixed element of S, is a derivation of 2 into 9 which can be extended to a derivation of ! into itself. Definition 3. 2. If SC is an associative algebra, the derivation a -> aoa -aao, where ao is any fixed element of A, is called an inner derivation of A.
If 2 is a Lie algebra, the derivation 1-> I0 l0, where lo is any fixed element of 2, is called an inner derivation of 2.
It is known that a semi-simple Lie algebra possesses only inner derivations.3 For associative algebras it has been shown 4 that, if Wt is a semi-simple subalgebra of a normal simple algebra '1, any derivation of W into itself can be extended to an inner derivation of %.
Before we generalize these results we make the following definition: 2). It may be useful to point out that the condition that an algebra W be reflexive is genuinely stronger than the condition that all derivations of W into itself be inner.
Tn For example, it is easy to verify that the center of a Lie algebra is always a characteristic ideal. Similarly, the center of an associative algebra is always a characteristic subalgebra.
We shall require the following: With regard to associative algebras it is known that the derivation algebra of a normal simple algebra is simple (N. Jacobson, "Abstract Derivation and Lie Algebras," Transactions of the American Mathematical Society, vol. 42). We shall prove: THEOREM 4. 5. Let W be an associative algebra over a field of charcacteristic 0, and let Z be the derivation algebra of W. Then Z is semi-simple or {0} if and only if W is semi-simple.
